THE GINZBURG-LANDAU EQUATION IN THE 
HEISENBERG GROUP 

ISABEAU BIRINDELLI AND ENRICO VALDINOCI 

Abstract. We consider a functional related with phase transition mod- 
els in the Heisenberg group framework. We prove that level sets of local 
minimizers satisfy some density estimates, that is, they behave as "codi- 
mension one" sets. We thus deduce a uniform convergence property of 
these level sets to interfaces with minimal area. 

These results are then applied in the construction of (quasi)periodic, 
plane-like minimizers, i.e., minimizers of our functional whose level sets 
are contained in a spacial slab of universal size in a prescribed direction. 
As a limiting case, we obtain the existence of hypersurfaces contained 
in such a slab which minimize the surface area with respect to a given 
periodic metric. 
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Set up and notation 

Throughout this paper, xa will denote the charachteristic function of a 
set A, namely xa{x) = 1 if a; G ^ and xa{x) = otherwise. Also, the map 
M 9 r I— > r+ agrees with r if r > and with otherwise. 

We will set n G N, n > 1 and we consider the "space" variables 

rE = (j;i,...,x„) eM" and y = (yi, . . . , y„) G . 

Also, we will often write z = (x, y) G M^" and we identify it with the vector 
z G C" with components Zk = Xk + \/—lyk, for k = 1, . . . ,n. The vector 
z G has components Zfc = Xfc — V— 1 Uk, for A; = 1, . . . , n. 

Given z, w G C", the notation zw stands for the product in C", that is 

n 

ZW = "^ZjWj . 

i=i 

Given t G M, we will use the notation = {z,t) = {x,y,t) G We 
will also consider the radial variables p' = \z\ and 

(0.1) p=\^\^^ = (^\z\^+t^y^\ 

As usual, H" denotes the Heisenberg group, endowed with the action 

C o Co = (^z + zo,t + to + 2lm (zzq)^ 

By induction, one sees that, if K(^\ G M^"^ then 

(0.2) (KW,0)o...o(K«,0)o(z,t) 

j=l j=l l<m<j<i 

We will consider the so-called "Koranyi ball" centered at of radius r, 
defined by 

'Br(Co) = {e s.t. ir^°eoiH" <r}. 

We also set Q := 2(n+l). If £^ denotes the fe-dimensional Lebesgue measure, 
one has that 

£2^^+^(05,(^0)) = const 
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As usual in the Heisenberg group setting, we consider the vector fields which 
are left invariant with respect to the group action 

Xk = + 2ykdt and = dy^ - 2xkdt , 

for k = 1, . . . ,n and which generate the whole Lie algebra together with 
their commutator. We also introduce the so-called "Kohn Laplacian" 

n 

Ann = Y.{Xi + Yi). 

k=l 

Given a (smooth) function u, we also introduce the intrinsic gradient: 

Vh"-" = (XiU, XnU, YiU, YnU) . 

For a radial (with respect to the Koranyi ball) function v = v{p), a direct 
computation shows that 

(0.3) |Vh"^^| < const \v'\ 

and 

(0.4) A^nV = (My (^y" + 9_ly' 

See, for instance, page 182 of [B03] for further details. 

1. Statement of results 
Given a domain Q C M^""'"^, we define the functional 

^n{u)= [ \Vmnu{0\''+F{^,u{0)d^, 
Jq 

under the following structural assumptions on the "double-well potential" F: 

• is non-negative and bounded and F{S^, 1) = F(^, —1) =0; 

• for any 6 G [0,1), inf F{^,u) > j{0), where 7 is decreasing and 

\u\<6 

strictly positive; 

• there exist d £ [0, 2] and £ £ (0, 1) so that: 

— F{C,t) > const (1 - \t\)'^, if |t| G (^,1); 

— F is continuous in u, for \u\ < 1; 

— F is locally Lipschitz continuous in u for |u| < 1; 

— if d > 0, Fu{S,,u) is continuous for \u\ < 1, and, if s < i, then 

FuiC, -1 + s) > const s'^^^ , Fuit 1 - s) < -const s'^~'^ ; 

— if d = 2, F is continuous in w for < 1 and F„(^, u) is increas- 
ing for u near ±1. 

Examples of such potentials^ are given by F = Q{^) {1 — v^)^ and F = 
Q(OX(-i,i)(^)- The first type of potential, when the Heisenberg group is 

^We take this opportunity to amend a typo at the end of page 164 of [V04]: the 
condition "Fy,{x,l — s) > — const s''"^" there has to be replaced by "Fu{x,l — s) < 
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replaced by standard elliptic integrands, is related to phase transition and 
superfluid models (see, e.g., [R79], [GL58] and [GP58]). The latter poten- 
tial is related to flame propagation and fluid jet models (see, e.g., [AC81] 
and [ACF84]). The minimizers of T are lead to suitably approach a step 
function, whose interface is a minimal surface (see [G85] and [M87] for de- 
tails). Also, functional of these type have been the subject of a celebrated 
conjecture of De Giorgi (see, for instance, [DG79], [AACOl], [BL03] and 
references therein). 

We say that a function li is a local minimizer for T in the domain if 
T^iiu) is well-defined and finite and 

for any ip £ CQ°{Ti). 

We prove the following density estimates, which, roughly speaking, state 
that the level sets of minimizers behave "like sets of dimension {Q — 1)". 

Theorem 1.1. Fix 5 > 0. Let u he a local minimizer for T in a domain Vt, 
with \u\ < 1. Then: 

(i) there exist positive constants c and r^, depending only on 5 and on 
the structural constants, such that 

.F<8,(5)(n)<cr«-\ 

for any r > rQ, provided that ^r+s{0 ^ 

(ii) for any 9q £ (0, 1), for any 6 £ [—Oq, 9q] and for any fj.Q > 0, if 

(1.1) £'"+'(«i^(e)n{^x>0}) > ^0, 

then there exist positive constants c* and rQ, depending on K , fiQ, 9q 
and on the structural constants, such that 

£2"+i(^Q3^(^)n{u > 0}) > c*r^, 

for any r > tq, provided that 05^+5 (x) C Q. 
Analogously, if 

(1.2) z'''+'{^K{On{u<e}) > /io, 

then 

£2"+i(^Q3^(^)n{u < 0}) > c*r^, 

for any r > tq, provided that 05^+5 (^) C Cl. 

The original idea of such density estimates goes back to [CC95] and 
several related techniques have been recently developed in [V04], [PV05a] 
and [PV05b]. In the Heisenberg group setting, a result analogous to the 
one in Theorem II. 1( 1] was proven in [BL03] for the case in which F(^,m) = 
(1 — li^)^. Also, our Theorem 11.11 mav be seen as the extension of analogous 
estimates for minimal surfaces (see, e.g., [G84]). 



THE GINZBURG-LANDAU EQUATION IN THE HEISENBERG GROUP 



5 



As pointed out in [CC95], density estimates of these type easily imply 
an L^^-convergence of the level sets of the minimizers. Indeed, as proven 
in [MSCOl], if n is a local minimizer and u^{^) = u{z/e,t/e'^), then con- 
verges, up to subsequence, in L^^^ to a step function, whith minimal interface 
(with respect to the ]H"-area). Then, using the argument in Theorem 2 in 
[CC95] (see also the end of § 6 of [PV04a]), one deduces from Theorem ll.H ii] 
the following result: 

Theorem 1.2. Fix 6 G (0,1). Let \u\ < 1 be a local minimizer of in a 
bounded domain Q and let tie(^) = u{z/e,t/e'^). Assume that, as e tends to 
zero, Ue converges in L\^^ to the step function Xe — Xn\E! for a suitable E C 
VL. Then, {\ue\ < 0} converges locally uniformly to dE, that is dist (^, dE) — > 
uniformly for £^ & {\Uf,\ < 6} r\ K for any set K whose closure is contained 
in fi. 

As a byproduct, we deduce from Theorem 11.21 that the level sets of the 
example built in [BL03], though different from being minimal surfaces them- 
selves, approach locally uniformly the hyperplane {t = 0}, when scaled via 
the natural H^-scaling. 

Next is a version of Theorem 11.11 which turns out to be convenient for 
applications: 

Theorem 1.3. Fix 9q € (0, 1) and 5 > 0. Let u be a local minimizer for T 
in a domain $7, with \u\ < 1. Suppose that \u{(,o)\ < 6q. Then, there exist 
positive constants c and tq, depending only on 6q, 6 and on the structural 
constants, in such a way that 



for any r > r^, as long as ^r+siCo) ^ ^■ 

Another topic we deal with in this paper is related to the construction 
of "(quasi)periodic, plane-like" minimizers, that is, local minima of in 
any bounded domain which are either periodic or locally uniformly close to 
periodic, and whose level sets are contained in a neighborhood of a given 
hyperplane of universal size. These results extend the ones of [V04] to the 
Heisenberg group and fit into the theory of plane-like structures for PDEs in 
periodic media. They also generalize the construction of orbits and minimal 
measures of prescribed rotation number (which is a classic topic in Aubry- 
Mather theory) to pseudoelhptic PDEs. We refer to [M86], [B90], [CL98], 
[CLOl], [RS03], [RS04], [CL05], [PV05a] and [PV05b] for related results and 
further motivations. We also recall that the study of the (quasi)periodic level 
sets of suitable functions is also a subject of enduring interest in topology 
and mathematical physics (see, e.g., [DN05]). 

We now present two results, namely Theorems 11.41 and II. 6[ according to 
whether we consider rational or irrational frequencies. More precisely, in 
the rational case, we have the following result: 
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Theorem 1.4. Fix (5 > 0. Suppose that uj G Q^" \ {0}. Assume also that 

(1.3) F((A:,0)o^,.) = F(C,-) 

for any ^ G H" and any k £ H?^ . Then, there exists Mq > 0, depending only 
on 6 and on the structural constants of F , such that the following holds. 

There exists a function u^j ■ — > [—1, 1] which is a local minimizer for T 
in any hounded domain o/H" and so that 

(1.4) {eelH", \u^\<l-8] ^ {ieW , |e-(cu,0)| <Mo|cu|}. 

Moreover, enjoys the following periodicity properties: for any ^ = (z, t) G 
H" and any k G Z^"- such that u ■ k = 

(1.5) u^iik,0)oC) = uUO, 
and 

(1.6) Ui_j{z,t) = u^{z,t + 2) . 

Finally, u^i enjoys the following discrete monotonicity property: for any 
k G so that 

(1.7) LO-k>0, we have that u{{k, 0) o ^) > u{^) for any ( G M". 

Remark 1.5. We would like to observe that the result of Theorem 11.41 cannot 
hold if one fixes uj G Q^"+-^ with uJ2n+i 7^ 0. Indeed, as we will see later, any 
function satisfying a periodicity condition as in (|1.5j) turns out to be also 
periodic in the vertical variable and hence its level sets cannot be contained 
in a slab orthogonal to u) unless this slab is horizontal, that is, i02n+i = 0. 
This may be also rephrased by saying that a function cannot be monotone 
in a direction where it is periodic. 

In the irrational frequency case, an analogous statement holds up to lo- 
cally uniform approximation. More precisely, the following result holds true: 

Theorem 1.6. Fix 5 > Q. Suppose that uj G M^*^ \ Q2n_ Assume that (fO|l 
holds. Then, given any sequence of vectors uJj G Q^" so that 

lim UJj = LO , 

there exists a sequence of functions Uj : H" [—1, 1], which are local mini- 
mizers for T in any bounded domain o/H", which satisfy the level set con- 
straint and the periodicity and monotonicity properties in H1.4() . H1.5() . H1.6() 
and (|1.7j) (with uj replacing uj there), and which converge to uniformly 
on compact subsets o/H"', up to subsequences. 

We derive from Theorems I1.4H1.6I a result on (quasi)periodic minimal 
surfaces in the Heisenberg group, which can be seen as the natural extension 
of analogous results poven in the Euclidean case by [M86] and [H32] (for 
geodesies) and by [CLOl] (for general codimension one minimal surfaces). 

For this, we consider a bounded function a : H" M. We suppose that 

1/ao > a(0 > ao > 
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and that 

a((fc,0)oO = a(0 
for any G H" and k £ Z^". We consider the surface measure induced 
by the metric a, that is the surface measure in H"" induced^ by the vector 
field -y/aVe" (see [MSCOl] and [FSSCOl] for details). Then, given any u G 
j^2n y jo}, we construct a minimal surface at a universal distance from the 
hyperplane {(u;,0) • = 0} which is either periodic or close to periodic 
surfaces, according to whether iv is rational or irrational. 
More precisely, we prove the following result: 

Theorem 1.7. For any lu G M?'"' \ {0}, there exists a set C H" in such a 
way dEi^ is a local minimizer for the surface measure in H" induced by the 
metric a and dE^ is contained in the slab 

{eGM", |e-(c^,0)| <Mo|a;|}, 

for a suitable Mq > 0, depending only on ao and on n, but independent of u). 

2. Proof of Theorem II. H i] 

We start with a variation of the standard Caccioppoli inequality (as ex- 
posed, for instance, in [G03]). Namely, let 05 be a ball (say, centered at 0) 
of radius 2 and *B be a concentric ball of radius 3, and assume that both *8 
and 5S are well contained in Let fj G C^([0, 3]) be so that < < 1, 
?7(t) = 1 if r G [0,2] and |f/'| < 10. Let also rj{^) = fi{p). We observe that, 
by 

I Vh"??! < const . 
Then, the minimality of u implies that 



^m(n) < J^^iu- rj^u) 



and therefore 



< j (^|VH"(r?^ti)|^ - 2VH"n • Vh"(?/^'u)) const < 
< / (47/^n^|VH'i??P + r/^'lVH'iul^ + A-q^uVa^r] ■ Va^u - 



— 2?7^|VH"ttp — 'irjuV^nT] • Vm^uJ d^ + const < 
~ (2 -r/^ - |VH-n|2(iC+ const , 

where we used a suitably scaled Cauchy Inequality in the last estimate. 
Thus, we obtain the following Caccioppoli-type estimate: 

(2.1) \ I |VH"tip < / ^|Vh"uP < const . 



More general metrics and wider class of vector fields may alo be taken into account, 
by performing computations similar to the ones we present here. 
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The proof of Theorem II .l^ i] is now a variation of the one in [CC95] (see also 
Proposition 3.2 of [BL03] and [AACOl] for related techniques). For short, in 
the sequel, we will omit in the notation the centers of the balls considered. 

Let g G C°°([0, r]) be so that \g'\ < 10, ^(t) = -1 if t E [0, r - 1] and 
g{r) = 1 on dBr- We also introduce the radial (with respect to the Koranyi 
ball) function g{S^) = g{p). By (|0.3j) . |Vh"S'| < const. 

Define u* = inm{u, g}. Since u is a local minimizer and 

£2«+i(Q5, \ ^r-i) < const r<3-i , 

we have that 

^s.(n) < 
(2.2) < 

< 



Let us now cover *Br \ ^B,—! with Koranyi balls . . . *Bi^ of radius 2; by 
measure theoretic considerations, one sees that it is possible to take K < 
const r*^"^. Let *Bj be the ball concentric to 5Bj of radius 3. Then, from (|2.2|) 
and (|2.H1 . we infer that 



•^s.(^^) < 
< 

which implies the desired result. 



3. Proof of Theorem II. H ii] 

We prove the first claim, the second one being analogous. Furthermore, 
we observe that, with no loss of generality, we may assume 9 as close to — 1 
as we wish. Indeed: assume the result to be true for 6* (say, close to — 1), 
and let 9 G [-60,00], with 9* < -Oq. Then 

^0 < -2^"+^ [{u >e]r\ ^k) < -c^""^^ ({n > r} n ^k) , 



^23, (n*) < const 



/»r\Sr-l 

const ( / (|VHnn|2 + |VH"5p) + r^~^ ] < 

\J<Sr\<Sr-l J 

const / |VH-n|^ + r'^'M . 

\J<Sr\<Sr-l J 



const J2 / |VH"n|^ + r'3-i j < 



const (K + ^) , 
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therefore, using the result for 9*, we deduce from Theorem II .H h]. that 
const < 



< 


£2n+l 


< 




< 


£2n+l 



"8r 



< £^"+^ (^{U >e}n "Br) + const J^<8^(ti) < 

< £2"+^ ({u >9}n ^r) + const r^-^ , 



£2"+^ ({u >e}r\ "Br) > const r'^ . 



which gives 



Thus, in the rest of the proof, we may and do assume that 9 is appropriately 
close to —1. 

Also, for further use, we recall the following recursive results: 

Lemma 3.1. Fix E N. Let Vk > and > 6e two nondecreasing 
sequences such that vi + ai > cq, 



{u-l)/u ^ / . 
l\ < Co [Vk+l + flfc+l 



Vk- ak- ciOfcJ 



for any k G N and some positive constants cq, c\, Cq. Then, there exists 
K > 0, depending on cq, c\, and Cq such that 

Vk + Ok > K 

for any A; G N. 

Lemma 3.2. Fix S N. Let > be a sequence such that ai > cq, 
ak<CoL-k'^-\ 



^ aA < Co(afc+i+ ^ e" 



^ -L{k+l-j)^ 

l<j<k l<j<k 

for any /c G N and some positive constants L, cq, and Cq. Then, if L is 
suitably large (in dependence of cq and Cq), there exists k > 0, depending 
on Co and Cq, such that 

Qk > K k'^~^ 

for any A; G N. 

For the proof of the above lemmata, see [CC95] or, for further details. 
Lemmata 2.1 and 2.2 in [PV05b]. Here, we just mention that these iterations 
may be seen as a "discrete version" of a differential estimate linking volumes 
and areas in the Isoperimetric Inequality (see again [CC95] for very nice 
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heuristics on this). With this, we define the quantities which wih play here 
the roles of the volume and of the area. Namely, we define 



The proof of Theorem ll.H ii] follows the ideas of [CC95] , as developed 
in [V04], [PV05a] and [PV05b], and it is divided into three cases, according 
to whether d = 0, d £ (0,2) or d = 2. In any of these cases, A will denote a 
suitably large free parameter, to be conveniently chosen. 



3.1. The case d = 0. For any r G [0,r], let 



h{T) = 2{T-r + 1)1-1 



and define the following radial (with respect to the Koranyi ball) function 



V(r) 



3n+l 



(«B,. n {u > 9}) 




(3.1) 



HO = Hp) . 



Let also 



(3.2) 



a = min{n, h} 



and 



min{n — o", 1 + 9} . 



Exploiting (|n.4j) . one sees that 



(3.3) 



Afln/il < const 



in \ ^r-i- Moreover, by the Cauchy and Sobolev Inequalities (for the 
latter, applied to P^, see, e.g., [VSCC92], pages 3 and 59, and the references 
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2« \ V 

< const / \P\ \Vmnp\ < 

J 'Brn{u-a<l+e} 



< const A( / (IVh"""!^ — |Vh"0- 

^ J<Brn{u>a} 

-2Vh"('" - cr) ■ Vh"0-)) + 



const / / s9 



^ i<Brn{u-(T<l+6»} 

< const yl [ / (|Vh"'uP - |Vh"0-P + 

x\ const f / s9 

+2{u - a) Anna) + —— / {u - ay < 

' ^ J!8,.n{«-o-<l+6»} 

J<Brn{u>(T} 

+2 / (n-(7)AHna] + / - f^)^ 



< const A 



Note that, up to now, the condition d = has not been used yet (this wiU 
allow us to use similar procedures also for < d < 2). 

We now observe that the left hand side of the above inequality is larger 
or equal than 



/ [ 2Q \ %^ „ Q-i 

(/ (30^)^ > {l + efV{r-l)^ 



By our assumptions on F, the contribution of the right hand side in QS^-i 
(where a = —1) is bounded by 



- const ^ / F(^,u) + -^^^^ / (u + l)^< 



^ ■/'Br-in{M<6»} 



^ -/ 

< — const .4(r — 1) , 



. const 
const A 



A 
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if A is conveniently large. Moreover, exploiting (|3.3|) and the fact that d = 0, 
one bounds the contribution of the right hand side in *Br \ 5Br-i by 



const 



' {<Sr\'Sr-i)n{u<e} 
+ {u -a) + {u- a f) + V(r) - V(r - 1) 



< 



< const 



< const 



F{C,u)d^ + V{r)-V{r-l) 



(»r\Sr-i)n{u<e} 
A{r) - A{r - 1) + V(r) - V(r - 1) 



< 



Then, 



const (^(V(r - 1)) « + A{r - 1) j < 

< Vir)-Vir-1)+A{r)-A{r-1), 

which completes the proof of the desired result via Lemma l3. II 

3.2. The case d € (0,2). Let d' = max{l,d} and, for r G [r — l,r], we 
define ^ 

h{T) = 2{T-r+l)f^ - I. 

Let h, (3 and a be as in 1)3. If) and 1)3. 2|) . Recalling HU.4|) . one obtains that, in 

SrV'Br-l, 



< const (/i + 1 



vd'-l 



Also, in the set {u > a} we have a = h and then the last formula implies 

AHn/i(ti-cj) < const (/i + 1)"''"^ (u - /i) < 

(3.4) < const {u + l)"'' , 

in {%r \ 5Br-i) n {u > cj}. 

As argued in the case d = 0, Sobolev (applied to /3^) and Cauchy Inequal- 
ities and the minimality property of u imply that 



Q-l 

V(r - 1)~ < 



< const A 



{F{i,a)-F{i,u)) + 



(3.5) 



+2 / Anna {u - a) 

J<Sr 

const f 

+ 



+ 



(n - a f 



^ J<Srn{u-a<i+e} 

We now estimate the right hand side in 25r-i, in which a = —1. For this, 
note that, if 9 is close to —1 and u < 9, we have, by our assumptions on F, 
that 

(3.6) F(e, u) > const (1 + u)^ > ^J(l + u)^ 
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SO that 

const f \2 const yl 



A 



^ + ur ^ / F{^,u)<0 

<Br~in{u<e} ^ J<Sr-iri{u<e} 



if we choose A suitably big. Therefore, the right hand side of p.Sf) in !B,.-i 
is negative and less than — const A{r — 1). 

Note also that, since 9 is close to —1 and cr < u, our assumptions on F 
imply that a) < u) i( u < 9. Thus, 

const A I a) - u) < 

J'Sr\<Br-l 

< const ^ ({n > 61} n (05^ \Q3r_i)). 
What is more, using again ()3.6() . one sees that 

{u - af < 



const 



A 



const f . x9 



A 



(Sr\23r-l)n{M<e} 



const f s 
< — ^ / F{(,u) + 

'(Br\Sr-i)n{n<e} 



.4 
const 



£2"+i({n>0}n(S,\«r-i)) 



A 

Also, recalling that cr = —1 in 5B^._i, splitting the domain of integration into 
the sets {u < 9} and {u > 9}, using (|3.4|) and our hypotheses on F, we get 



Ah"Cj(u - cr) = 
= / Aencr (u - fj) < 

J(»r\23r-l)n{u>CT} 

< const £2"+^ ((<B^, \ <B,._i) n{u>9}) + 



+ const / (-u + 1)'^' < 

J {<Sr\'Br-l)r\{u<e} 

< const £2"+^ ((OS,. \ n {ti > 6'}) + 



+ const / u) . 

Collecting the above estimates and using Lemma 11 the result follows. 

3.3. The case d = 2. We will use here two further positive free parameters 
O and T: we will fix G small enough and then choose T so that BT is 
suitably large. 
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Let k gN. On page 183 of [V04], a function h E C'^{[0, {k + l)r]) was 
constructed so that -l<h<l, h{{k + 1)T) = 1, /i'(0) = 0, 

(3.7) h{T) + 1 < const e-®^(^+^~^) 
ifrG[(i-l)r, jT],fori = l,...,A: + l, 

\h'{T)\ < conster(^+ 1) 

ifrG [0,1], 

\h'{T)\ < conste(/i+ 1) 

ifrG [l,{k + l)T], and 

|/i"(T)| < const e(/i + l) 

ifr e [0,(A; + l)r]. 

Let /i be as in In the hght of HU.4|) . we thus have that 

(3.8) |AHn/i| < const (/i + 1) < const e-®^('=+^-^) 
in 05 \ *8(j_i)2-, and 

(3.9) |Aen/i| < const e(/i + l) 

in Q3(fc_|_i)2-. Consequently, if B is suitably small and h is suitably close to —1, 
then 

(3.10) lAen/il < VeF„(x,/i) 
in We set 

(3.11) 9' = 9- ae"®^ , 

where denotes a suitably large constant. Note that, if QT is large enough, 
then 9' > —1. Define also 

a = min{ti, h} and /3 = min{n — o", 1 + 9'} . 

By arguing as done on page ^2 we gather from the Sobolev and Cauchy 
Inequalities that 



+ 



< const A 



[ (F{C,a)-F{C,u) + AM^a{u-a) 

y'8(fe+l)Tn{«>cr} ^ 

const f , -.0 

(3.12) / {u-af. 

^ •^'B(fe+i)Tn{«-(T<i+6»'} 

We now estimate the left hand side of (|3.12|) . If QT is large enough, we 
gather from (jHIZI) that 9 -h>{l-6Q)/2 in <BfeT- Thus, the left hand side 
of (|3.12|1 is bigger than 

const V(A;r)V . 
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Let US now estimate the right hand side of (|3.12)) . First of all, we consider 
the contribution in {u < 0}. Let us observe that, since —1 < o" < n < 1, 

= + + >0. 

Accordingly, in {a < u < 6}, 

F{^,u)-F{C,a) = rFuitOdCy 
Jh 

> const / {( + l)dC = const {u + 1)^ - (/i + 1) 
Jh L 

(3.13) > const (u — h) 



> 



2 



Consequently, recalling again 1)3. 1U() , we deduce that the contribution of the 
right hand side of ()3.12|) in {u < 6} is controlled by 

(3.14) / (Fit - Fit u) + const VOF^it a)iu - a)) , 

•^25(fc+l)Tn{fT<«<6l} ^ ^ 

as long as A is sufficiently large. 

We now show that this quantity is indeed negative. Since we assumed 9 
to be close to — 1 (recall the discussion on page ^ , we have that F and F^ 
are monotone in {a < n < 9}, we have that i^(^, a) — Fi^u) is negative 
and that 

|F„(e,a)(n-cT)| < \Fita)-Fitu)\. 

Since we assumed Q to be small, the latter inequality yields that the quantity 
in 1)3. 14() is negative. 

Let us now bound the right hand side of (|3.12|) in {u > 9}. The contri- 
bution in ^(^k+i)T \ ^kT of such term is bounded by 

/ (Fit a) - Fit u) + ia + l)iu - a) + (n - af) , 

J{<B^k+i)T\'SkT)n{u>e} ^ ^ 

due to 1)3. 9|) . and this term is bounded by 

£2"+i({«>0}n(S(fc+i)T\SfcT) 

= Viik + 1)T) -VikT). 

Let us now look at the contribution of the right hand side of (|3.12|1 in 
{u> 9}n ^kT- Notice that, from (|^ . 

SyfcT n {a < u < a + 1 + 9'} Q SfcT D {a < u < 9} , 
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provided that C=k in (|3.11|) is large enough. Consequently, the contribution 
of the right hand side of (|3.12j) in {u > 9} n is controlled by 

/ F{^,a)-Fi(,u) + \AM^h\< 

J^kTr\{u>e} 

(3.15) < E / F(C,/i) + |AHn/i|. 

j=i •^23jT\»(j-i)Tn{M>e} 

By our assumption on F in the case d = 2, we have that 

F(^,-l + s) < const s, 

provided that s > is small enough. Thus, by means of 1)3. 7() . and 1)3. 8|) . we 
bound the above term in (|3.15() by 

k 

Collecting all theses estimates, we get that 
const (V(A;T)) V- < 

k 

< Viik + 1)T) - V{kT) + e-®^('=+i--'') \v{jT) - V((j - l)r) 

i=i 

Then, the desired result follows from Lemma 13.21 

4. Proof of Theorem 11.21 

This proof is a variation of the one on page 11 of [CC95] (see also page 69 
of [PV05a]). Due to some subtleties given by the Heisenberg group and the 
role played by the Koranyi ball, we provide full details for the facility of the 
reader. 

The proof is based on Theorem 11.11 In fact, we first notice that con- 
ditions (|1.1|) and (|1.2j) in Theorem II. H which are somewhat unpleasant to 
check, may be replaced by pointwise conditions (that is, conditions (|4.1j) 
and (|4.2)) here below), that are easier to deal with. Namely, we deduce from 
Theorem II. II the following result: 

Corollary 4.1. Let 5, and u he as in the statement of Theorem M.li Fix 

00 G (0, 1) and let Oi, 02 £ (-6^0, 6*0). Let ^ £ M^n+i ^^^^ 

(4.1) u{0 > Oi . 

Then, there exists positive constants c* and tq, possibly depending on 6q and 
other structural constants, such that 

£2"+i (^<B,(0 n {n > ^2}) > c*r^ , 

for any r > rQ, provided that ^r+si^,) ^ ^- Analogously, if 

(4.2) n(0 < Oi . 
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then 



£2'^+^ (^riC) n {n < 62}] > c*rQ 



Proof. We prove the first claim, the second one being analogous. We recall 
that u is uniformly Holder continuous (see Theorem 2.1 in [M95]), that is, 
there exist positive universal constants A and a so that 

(4.3) Kc)-n(c')i < AKcr^ocr, 



for any G 1^', for 17' well contained in 0,. We set 

'0-1 9o-l 



2 



c(-i,i) 



and 

1/q 

K = ( ■ 
V 2A 

Thence, we conclude from (|4.1|) and 1)4. 3() that u > in 58i4-(.^). Conse- 
quently, 

(0 n {n > ^1}) = £2"+i = const , 

thus condition is fulfilled. So, by Theorem I l.H ii]. 
(4.4) £2n+i J^^^^^^ n {u > ^1}) > const . 

Now: if 01 > 02, the desired result follows directly from (|4.4I) . If, on the 
other hand, 0i < 62, we combine ()4.4() with Theorem ll.H i]. to conclude that 

-i2n.+l 



£'"+\»r(e)n{n>Mj > 

> £2n+l J^^^(^) p 1^ > ^ _ £2n+l f^^^^^^ H {§1 < U < ^2}) > 

> £2'^+i('B,(e) n {n > ^1}) - const .F25^(5)(u) > 



> const — const ^ > 

> const r*^ , 

if r is large enough. □ 

With this result, we may now complete the proof of Theorem 11.21 by 
arguing as follows. 

The proof of Theorem ll.2l is by contradiction. If the claim of Theorem ll.2l 
were false, there would exist a compact set K (say, contained in the Korany 
ball of radius R), well contained in 0,, an infinitesimal sequence of £k and a 
positive 6 so that 

sup dist{^,dE) > 86, 
?6{l«.J<e}nK 
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for any k £ N. Consequently, we find a sequence of points 6.k £ {I'^eftl ^ 
9} n K, in such a way that 

(4.5) dist (Ck^dE) > 46^ . 

Since, by construction, ^ K <B/j(0), we also have that 

(4.6) ICfclnn < R. 

Of course, by possibly reducing 5, we may also assume that 

. ■ f-, dist (i^, ar?) 1 

(4.7) 5 < mm 1 1 , | , 

therefore ()4.5() implies that either 

(4.8) ^25{ik)^^^E 
or 

(4.9) ^25{ik)^^\E 

for infinitely many /c G N. We assume that 1)4. 8p holds (the case in which (|4.9I) 
holds is indeed analogous). Then, 1)4. 8() implies that 

(4.10) XE - Xn\E = 1 in 5525(6) 

for infinitely many k gN. Also, by construction, if we set ^k = i^k^tk) and 
Cfc = {zj./ Skitk/ £\) we have that |ti(Cfc)| < ^- Therefore, we conclude from 
Corollary that 

£2«+i (^<B^(a) r\{u< 6}^ > const , 
for any r > tq, with universal. Scaling back, this means that 

(4.11) £2"+i (»e,,(6) n {u,, < 0}) > const (efcr)« , 
for any r > tq. We now set 

,5' 



2{1 + 8R) 

From (|4.inj) and (|4.11j) . we conclude that 

(4.12) XE-Xn\E = 'i- in*B5'(Cfc) 
and that, from ()4.11() with r = 

(4.13) £2n+l J^^^, ^ 1^^^ < > ^^^g^ ^ 

for infinitely many A; G N. Also, if 

^' = U *B5'(6), 

fcGN 
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we deduce from (|4.7|) that 0,' is well contained in Q. We utilize this fact, 
together with (|4.12|) and (|4.1.Sj) . to infer that 



- {XE - Xn\E)\ 



> 



> \Ue- iXE - Xn\E)\ > 

■^»«'(Cfc)nKfe<e} 



> / (l-^)> 
"'53i'(«fc)nK^<e} 

> const (5')^ (1 - ^) , 

for infinitely many /c E N. This contradicts the assumption that u^^, con- 
verges to xe — Xn\E ill -^loc' ^^^^ proving Theorem ll.2l 

5. Proof of Theorem 11.31 

Let 9i := (Oq + 1)/2 G (6*0, 1). Then, since u is uniformly continuous, due 
to [M95], we get that 

»eo(eo) ^ {\u\ <ei}, 
for a universal Eq > 0. Consequently, 

£'"+H»eo(Co) n{u> -9i}) > £2"+i(S,„(Co) n {\u\ < 9^}) > const 
and therefore, by Theorem I l.H ii]. 

(5.1) £^"+^('Br(?o)n{n> -^i}) > constr^, 

for r as in the statement of Theorem 11.31 On the other hand, using Theo- 
rem ^^i], we have that 

(5.2) £^''+^{^r{Co) n {-9i <u< 9q}) < const r^~^ . 
By collecting the estimates in ()5.1|) and ()5.2|) . we deduce that 

£2"+^(Q5r.(Co) n {li > 9q\) > constr'^ - constr'^-i > 

(5.3) I uj; _ 

> const , 

as long as ro is large enough. 
Analogously, 

(5.4) £2n+i(^^^^^^ n {n < -9q}) > const . 

Let now S'''^ denote the Sobolev-type space in the Heisenberg group set- 
ting (see, for instance, [FS74]). Since u is in £'^'^(05^) by construction (and so 
in S^'^{^r)) and it is continuous by [M95], we can find a smooth function v 
in such a way 

(5.5) / |Vh"U — Vh"w| < 1 
and 

(5.6) 1^.(0 - viOl < ^ for any ^ G ^ACo)- 
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Let also 

f v{c) if < V2, 

w{0 ■■= { eo/2 ifv{o>eo/2, 

(-9o/2 ifv{0<-eo/2. 

Then, w is a Lipschitz function in the Heisenberg group setting; so, by the 
Coarea Formula in the Heisenberg group (see (1.4) in [MSCOl]), 



/ 



\Vu"v\ 

{io)n{\v\<9o/2} 

\Vm"w\ = 

"Br (Co) 
+ 00 



PeiM«[{w = t}n^r{Co))dt> 



J ~8o/2 

where "Pere"" denotes the surface measure inH" (see [MSCOl] and [FSSCOl] 
for details). 

Consequently, using the Isoperimetric Inequality in the Heisenberg group 
surface theory (see, e.g., Theorem 3.5 in [FSSCOl] and references therein), 

jVe^i'l > 

25r(€o)n{|i>|<eo/2} 
f+eo/2 

> const / min <^ £2"+^ '8r(Co) n {v < t} 

J~0o/2 ^ ^ ^ 



> const (^min |£2n+i (^«Br(Co) n {v < -6*0/2} 

{Q-i)/Q 



Therefore, using (|5.5j) and 



1 + / IVh"""! > 

J<Br{^o)n{\u\<9o} 
> const min jfi^n+i (^fBr{^o) n {u < -Oq} 

(Q-i)/Q 



£'"+\»,.(eo)n{n>0o} 
Accordingly, 

(5.7) / |VH"n| > const r^^^ 

J'Sr{io)n{\u\<eo} 

due to 1)5. 3|) and 1)5. 4|1 . provided that tq is large enough. 
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We now fix yl > suitably big and we use the Cauchy Inequality and 
Theorem II. H i], to deduce from (|5.7j) that 

-1 



.4£2n+l(^S,(eo)n{|n| <0O}) > 



const r 



n|2 > 



> / |Venn| > 

J'Sr{io)n{\u\<eo} 

> const r^^^ , 

from which the claim in Theorem 11.31 follows by taking A large enough. 

6. Proof of Theorem 11.41 

6.1. Notions of periodicity in H". From now on, we impose that F is in- 
trinsically periodic, i.e., that it satisfies H1.3() . and we fix a; = (wi, . . . , u;2n) S 

We now see how u naturally induces a concept of periodicity for functions 
on the Heisenberg group: 

Definition 6.1. u : H" — > M is a function which is (j-periodic if ti(^) = 
u{{k, 0) o ^) for any k £ Z^" so that io ■ k = 0. 

We now suppose that 

(6.1) n>2, 

the case n = 1 being dealt with on page 

We introduce the vectors y G Z^", for j = 1, . . . ,2n, in order to have an 
integer base of the 2n-dimensional lattice generated by uj. For this, let us 
consider a rational orthogonal base of Q^" given by the vectors lu, , . . . , 

By (|6.1|) . it is easy to see^ that there exists some i and j such that 
Im(l;*t;-^) ^ 0. Let now Q G N be a common multiple of the denomi- 
nators of the coordinates of the vectors v^, . . . ,v'^^~^,ui. Then, the vectors 



"'indeed, we remark that Im {v^v-') is just the scalar product of with a vector which 
we will denote := {—V2, vl, —v\, v%,, ■ ■ ■ — V2n,V2„-i)- So, fixed A; = 1, . . . , 2n — 1, we 
use the base property to write w'^ := X^^"^^ ctiV^ + b'^uj, for suitable a*, b'^ £ R. Thus, if 
— Im {v^v-') — ■ V-' for all i and j, then 

= v''-v^=a'[ \v^f 



Q2„_i \V 

We have thus obtained that v'^ — b^u and, by the base property, b^ ^ 0. But then one 
gets the contradiction 

7^ b^b^ = ■ rP' = ■ = Q . 
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y := Qv'j for j = 1, . . . , 2n — 1 and fc^" := Quj are the required integer base. 
Furthermore, by construction, 

(6.2) ImiVk^) / 0, 

for some i and j not equal to 2n. 

Due to ()6.2() . and possibly exchanging /c* with , we thus have that 

(6.3) Qij := lm{Vk^) > 0. 

If m G R, we define km '■= fnk^ + k^ . It follows from (|U.2() and ()6.3|) that 

(A:^, 0) o {-mk\ 0) o {-k^,0) o (z, t) = (z, t + 2mQij) . 

Due to the above relation (taken with m = 1) and ()6.3|) . an cj-periodic 
function is also periodic in the vertical variable, that is 

(6.4) u{z,t) = u{z,t + 2eij) . 

Of course, this holds true for any i and j such that Qij ^ 0. Therefore, if u 
is w-periodic, it is also 0-periodic in the vertical direction, with Q being the 
greatest common divisors of the Qij ^ 0. Observe that, in particular, F(-, u) 
is 2-periodic in the vertical direction. 

6.2. Constrained minimizers. We now fix M > 10, to be chosen suitably 
large in the sequel. We seek the minimizers of J- among the functions that 
are w-periodic and that satisfy a constraint on the hyperplanes • (w, 0) = 
-M|w|} and {C ■ (w,0) = M\io\}. 
We define 





-e,G). 



Geometrically, U^j is a 2n-dimensional "cube" (or, better to say, rectangular 
parallelopipedon) with edges of length |A;^|, . . . , |A;^"~^|, 20. 

We now flow in the w-direction, by using the Heisenberg group action. 
That is, we define 

(6.5) := |J(«^'",0)o[7^. 

We also introduce the horizontal projection of Si_j: 



1 1 



Hu: := Sjk^ + a/c^" , sj G 



2' 2 



a G 



Given = X^i<j<2n ^jf^'' £ I^^" ) we define 



2n 

■2n, 



C(z) := 2 ^ ZjZ2n^'l^{k "'k^) 
l<i<2n 
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It is easily checked that S^^j may be seen as the union of intervals of length 26 
in the f-direction, centered at C{z)j when z varies in H^,, that is 

(6.6) = {{z, t + C{z)) , zeH^, iG[-G,e)}. 
Fixed 5 € (0, 1/2), let 

■■= e Sl^l , Lo - periodic, 

(6.7) n(0>l-5for^(a;,0)>M|a;|, 
u{0 < -l + (5for^- (a;,0) < -M|a;|}. 

Then, we have the following existence result for constrained minimizers: 

Proposition 6.2. For any M > 1 there exists an absolute minimum in yM 
of 



Moreover, if u* is any absolute minimizer, then 



(6.8) 



\k 



2n-l\ 



where c > depends only on the structural constants of F. 

Proof. As usual, we use the notation ^ = {z,t) for points in W^. Set 



(6.9) 



MO ■= ' 



( 4w -f |4a; I ^ 1 



if 



• Z > 1, 



■1 



R 

if • Z < -1. 

|a;| - 



It is easily seen that uq G 

Moreover, since fc^" is parallel to ui, we conclude that 

1' 



S^n{|no|7^1} c s^n 



UJ 

\uj\ 
|A;2n| 



< 



c 



u 



u2n 



(afc^",0)oC/^. 



\ L_ 

L 4|fe2i 



Thence, 

^5.(^0) < ce\k'\ ... 

for a suitable c > 0. 
Fix now R> and let 

Dr := ^^^\LO■ze [-R\u;\,R\u\]j nS^. 
Let also Uk be a minimizing sequence for J^Su, ■ 
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By possibly cutting Uk at the itl-levels, which makes the energy decrease, 
we may assume that 

(6.10) |ufc|<l, 

for any € N. 

Also, for k sufficiently large, 

^sA'^k) < ^Su.{uo) < +00 . 

Hence, 

SUp||VHn^Xfe||i2(5^) < +00. 

fcGN 

This, ()6.1U|) and standard embedding results (see, e.g., [VSCC92]) imply that 
there exists a suitable function u so that, up to subsequences, Vei^ifc weakly 
converges in L^{Dji) to Vj^^u and Uk converges to u almost everywhere. 
Therefore, the above mentioned weak convergence gives that 

liminf / iVe'j'Ufcl^ > liniinf / iVni^ifcP > / |VH'i?i|^. 

Fix now an arbitrarily small a > 0. The pointwise convergence of Uk, Fatou's 
Lemma and the continuity of F when the second variable is in (—1, 1) imply 
that 

liminf/ F(e,Ufc) > liminf / F{(,Uk) > [ F{C,u) . 

|u|<l-a |u|<l-a 

Since a > may be taken as small as we wish, we conclude from the Mono- 
tone Convergence Theorem that 

liminf / F{i,Uk) > [ F{tu). 

As a consequence, 

inf -^S^ = liminf J^5„(nfc) > J^Da{u) ■ 
Since R may be taken arbitrarily large, we conclude the proof. □ 

We now investigate further properties of the constrained functions in the 
space 3^M • 

Lemma 6.3. Let u, v £ 3^m- Then, 

min{u, v} , max{n, v} £ 3^m 

and 

^S^ {u) + J^s^ (v) = Ts^ (min{ti, w}) + Ts^ (max{n, v)) , 
provided that the above quantities are finite. 

Proof. The first claim is obvious. For the proof of the second statement, 
just split the domain of integration into S^Ci {u < v} and S^ri{u > v} 
and compute. □ 
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We denote by Mm the set of constrained minimizers given by Proposi- 
tion E2] (for a fixed uj, which is omitted in the notation). 

Lemma 6.4. If u, v £ Mm, then so do mm{u,v} and mayi{u,v}. 

Proof. Since u, v £ Mm, 

m:=J^S^ (u) = J^s^ {v) < ^S^ (w) , 

for any w G yM- But, by Lemma 16.31 both min{n, and max{u,v} are in 
yM and therefore 

J^S^{mm{u,v}) > m 

and 

J'^s^ (max{u, i;}) > m. 

If either 

J^S^{'ca.m{u,v}) > m 

or 

:^5^(max{u,t;}) > m , 

we would have that 

^s^ (u) + J's^ (v) = 2m < Ts^ (min{n, v}) + Ts^ (max{u, v}) , 

which is in contradiction with Lemma 16.31 Therefore, 

J^S^ (min{n, v}) = J^s^ (max{'u, v}) = m , 

proving that m.va.{u,v} and max{n, are in Mm- D 

Lemma 6.5. Let Vn G Mm, for any n G N. Then, there exists a subse- 
quence rifc +CXD and a function v E Mm such that Vn^, converges to v 
uniformly on compact sets. 

Proof. By [M95], Vn is an equicontinuous family. Also, |f„| < 1, and thus Vn 
converges locally uniformly to some v, up to subsequences, by the Theorem 
of Ascoli. Then, by Fatou's Lemma, 

(6.11) hm inf / F{i,vnmdi> I F{i,v{i))di. 

Since yM is obviously closed under pointwise limit and Vn G 3^M) we also 
have that 

(6.12) v^yM. 

Furthermore, since all the VnS are minimizers, it follows that J's^i'^n) 
takes always the same value for any n G N, say 

(6.13) J'sjvn)=:m>0. 
In particular, 

/ iVnni'nl^ < rn, 
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thus, up to subsequences, we may assume that Vm^Vn converges to Vh"V 
weakly in L^. Therefore, 

hminf / |VH"?^n(OPdC > / V^mM^)\^di. 

Combining this with ()6.11|) and H6.13() . we thus get that Ts^i {'^) — There- 
fore, by (|6.12|) . we conclude that v E Mm. □ 

We now define the minimal minimizer, that is, the pointwise infimum of 
all the minimizers in A4m- 

(6.14) um{0 ■■= inf , 

uGMm 

for any E H". Note that um is indeed a minimizer, according to the 
following observation: 

Lemma 6.6. um E Mm- 

Proof. For any ^ E H", we consider a sequence Un,s^ E Mm in such a way 

(6.15) lirn Un,({0 = inf u{^) = um{0 ■ 

Let us now write the countable set Q^""*"^ as {r]i,'r]2, . . .}. We define 

(6.16) VniO ■= niin{u„,^,(0 , . . . , Un,r,„{0} ■ 

From Lemma Vfi.A\ we conclude that Vn £ Mm for any n E N. Thus, by 
Lemma EH perhaps passing to a subsequence, we have that 

(6.17) Vn pointwise converges to a suitable v 
and that 

(6.18) vGMm- 
We show that 

(6.19) UM > V. 

The proof of ()6.19|) is by contradiction. If ()6.19|1 were false, there would 
exist £0 > and ^ E H" such that 

UM{i)+6eo<v{i). 

In the light of (|6.14|1 , there exist u £ Mm such that 

uii) < um{0 + £o 

and therefore 

Hi) + 5eo < vii) . 

Since both v and u are in Mm, their modulus of continuity can be bounded 
uniformly, thanks to [M95]. Thus, since 0^"+^ is dense in H", there ex- 
ists m E N in such a way 

\v{i) - v{r]fh)\ < £o and 
\u{i) - u{r]ni)\ < £o ■ 
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Therefore, 

(6.20) u{r]fh) + 3eo < t^(^m) • 
Recalling (|6.15|) and 1)6. 17() . we now take n G N in such a way 

(6.21) n>m, 

(6.22) Unr,^{r]fri) < inf u{r]rn) + So 

uGMai 

and 

(6.23) v{T]rh) < VniVrh) + ^0 • 

In particular, from (|6.22|) . 

Wn,r?,-„(??m) < ""(f/m) + £0 

and therefore, by dOHll . (lOal) . dOT]! and (I06|l . 

which is a contradiction and thus gives the proof of (j6.19j) . 

In fact, by (|6.14j) and (|6.18j) . we conclude that um < v- Therefore, 
by (l6T8l) and (I09|l . 

UM = v G Mm , 

as desired. □ 

We also point out that, since um is a minimizer (due to Lemma l6.6p . by 
cutting Um at the levels ±1, it easily follows that \um\ < 1- 

We now observe that the minimal minimizer inherits the vertical period- 
icity of the functional, thus improving the one in (|6.4() . This fact will be of 
crucial importance in the proof of Lemma l6 . 1 81 later on. 

Lemma 6.7. um is 2-periodic in the vertical variable. 

Proof. If = 1 there is nothing to prove, otherwise let UM,j{z, t) := um{z, t+ 
2j). Since F is 2-periodic in the vertical variable and Ve^ is invariant 
with respect to vertical translations, then umj is also a minimizer for any 
j = 0, . . . ,e - 1. Hence f(^) = min{uM(6) ^iM,i(0) • • • ,'«M,e-i(0} is also 
a minimizer by Lemma 16.41 Hence, by the definitions of um and v, 

UM <v < Um 

and so um = v- But v is 2-periodic in t and thus so is um. □ 

Remark 6.8. Due to Lemma [6. 71 without loss of generality, one may suppose 
that the functions of are 2-periodic in the vertical variable, that = 1 
and that 

'2n-l 

:= { y^s,k\ s,e -^,^1 } X [-1,1). 
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6.3. A group action on the space of functions. Given a function u : 

W — > M and /c G Z^", we define 

TkuiO ■■= n((A;,0)oe) , 

for any ^ G M". 

Lemma 6.9. Let k £ Z^". If u is to-periodic and 2-periodic in the vertical 
direction, then so is T^u. 

Proof. Let /i G Z^", with uj-h = Q. Let a, 6 G Z be so tiiat 

(/i,0) o (A;,0) = {h + k,2a) and 
(A;, 0) o (/i, 0) = ih + k,2b). 

By tiie periodicity of n, 

Tku(^{h, 0) o = u{h + k + z,t + 2b) = u{h + k + z,t + 2a) = 

= n((/i,0)o(A:,0)oe) = u(^{k,0) o = Tku{0 ■ 

Tlius, u is w-periodic. 

The vertical 2-periodicity is obvious. □ 

We now show that behaves nicely with respect to the action T^: 

Lemma 6.10. Let k G Z^" be so that uj ■ k > 0. Let u G 3^m be 2-periodic 
in the vertical direction. Then, 

min{n, Tku] G 3^a-/ . 

Analogously, if k £ Z^" is so that lu ■ k < and u G then 

max{u, Tku] G 3^m • 

Proof. We prove the first claim, the second one being analogous. If ^-(w, 0) < 

-M\uj\, 

minjti, Tfcti}(^) < n(^) < — 1 + (5 , 

because u G y Ki- 
ll i ■ (w, 0) > M\uj\, let ^' := (A:, 0) o ^. Then, 

i' ■ {oj,^) = i ■ {uj,Q) + oj ■ k > M \uj\ + Q = M \uj\ , 
and so ti(^) > 1 — 5 and > 1 — 5, since u G J^m- Therefore, 

min{n, Tfcn}(^) = min{n(^) > 1 — 5. 

Finally, by Lemma l6.9( min{u, T^n} is w-periodic. □ 
Given S C H", we define 

Tfc^ := {(-A;,0) o^, ^ G 5} and 
TfcJ^M := {TkU, ueyM}. 
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Analogously, we set 



Then, since the functional is Z -periodic with respect to the Heisenberg 
group action, then it is invariant under the action of T^, according to the 
following observation, whose elementary proof is omitted: 

Lemma 6.11. We have that 



for any k £ Z . 

We will see in Lemma l6. 121 here below that Lemma l6 . 11 1 mav in fact be 
straightened for w-periodic functions. For this scope, we need to better in- 
vestigate the invariance properties of S^j- First of all, it is obvious from 1)6. 5(1 
that 

(6.24) Ti^j^27iSoj = , 

for any /3 G M. Moreover, 

Lemma 6.12. Let u he co-periodic. Then, J^s^{u) = J^TyS^i^), for any v G 



Proof. The result is a consequence of the following 

Claim: Let v G M^*^ and / be an w-periodic, integrable function. Then, 



We observe that, for any fixed z G M^*^, the map t ^ f{z, t) is 20-periodic, 
according to (|6.4|) . and therefore 




(6.25) 




for any r G M and any z G M' 
Let also 



J-e 

Exploiting (|6.25|) and the fact that / is w-periodic, it follows that 
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for j = 1, . . . , 2n — 1. 
Consequently, 



g{z -v)dz = I g{z) dz , 



for any v G M^". 

Therefore, recalling also ()6.6|) . we conclude that 

J Ty Suj J SuJ 

= / / f[z-v,t + 2lmivz))dtdz 

Jhu, J-e+C(z) ^ ' 





f{z — V, t) dt dz 
J-e 

g{z — v) dz = 



g{z)dz = 

f, 

Suj 

as desired. □ 

In analogy with Proposition IHUl we denote by T^Mm the set of minimiz- 
ers of the functional Tt^Suj space Tkyu- 

Lemma 6.13. We have that u G Mm if and only ifT^u G TkMM , for any 
k £ Z2". 

Proof. We prove the "only if" part. Let w G T^yM- Then, w = TkV, for 
some V G 3^m- Thus, exploting that u G A^m and Lemma [5. Ill we conclude 
that 

thence T^u is a minimizer of J~TkS^ in T^yM- D 

Lemma 6.14. Let k G Z^" such that lo ■ k > 0. Let u G Mm be 2-periodic 
in the vertical direction. Then, min{n, T^u} G Mm- 

Proof. This is a variation of the proof of Lemma l6.41 We provide full details 
for the facility of the reader. Let m := J^s^i^)- We show that 



(6.26) Ts^ min{u, T^u} j = m . 
To prove ()6.26l) suppose, by contradiction, that 

(6.27) J^s^(mm{u,Tku}]^m. 
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By Lemma IH.1()( we know that 

(6.28) min{u, T^n} e 3^a/ • 
Thus, (|fr77|l gives that 

(6.29) J's^(^mm{u,Tku}^ > m. 
Let h := —k. By Lemma 16.101 

max{'u,, Thu} £ 3^m 

and so 

max{TkU, u} = Tk(^max{u, Thu}^ £ T^yM ■ 
Consequently, from Lemma 16.131 

^TkS^{Tku) < J^Tfc5,.(max{u, Tfcu}^ . 
This and Lemma 16.111 give that 

m < ^T^S^ ( niaxj-u, T^u} 



Therefore, by Lemma 16.121 

(6.30) m < ^ maxju, T^u} 

Moreover, using again Lemmata 16. Ill and 16.121 
(6-31) J^Su. {Tku) = ^T^s^ {u) = Ts^ (u) = m. 

Consequently, by (|6.29|) . (|6.3U|) and Lemma 

2m = {u) + Ts^ {Tku) = 

= J^Suj ( niinju, Tfcu} ) + ( max{ii, T^u} ) > 2m . 



This contradiction gives the proof of (|6.26p . 

The desired result thus follows from 1)6.26(1 and (|6.28p . □ 

6.4. The Birkhoff property. In Mather theory, it is quite common to 
seek orbits which possess some kind of monotonicity, usually referred to as 
Birkhoff property. Such property has then been extended and used also 
in [CL98], [CLOl] and [RS03]. 

We now adapt the concept of Birkhoff property, in order to deal with the 
Heisenberg group. 

Definition 6.15. A function u : H" — > M is said to satisfy the Birkhoff 
property with respect to u if for any k £ Z^" so that to ■ k > 0, we have that 
Tku{() > u{^) for any ^ G M". 
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We observe that, if u satisfies the Birkhoff property and k G Z^" is such 
that a; • A; < 0, then, writing k' := —k and := (k, 0) o we have uj ■ k' > 
and thus 

(6.32) u{0 = Tk' (eO > = Tfcn(0 , 
for any ^ elT. 

Lemma 6.16. Suppose that u verifies the Birkhoff property with respect 
to UJ. Let G M and assume that 

(6.33) S^{u<e}. 
Then, 

ns Q{u<0}, 

for any k £ 1?"^ so that u ■ k >0. 

Proof. Take k as above and ^ G T^S. Then, there exists rj £ S so that 
^ = (/i, 0) o 77, with h := —k. Note that lo ■ h < 0, thus, exploiting 1)6.32(1 
and (|6.33() . we conclude that 

e > u{r,) > Thu{r,) = u{{h, 0) o rj) = n(0 , 

as desired. □ 

We show that the minimal minimizer um is Birkhoff (with respect to the 
vector oj in the definition of Suj). 

Lemma 6.17. um satisfies the Birkhoff property. 

Proof. Let k G Z^" such that LU-k > 0. Then, by Lemmata 16. 61 UTTI and IHTTH 

min{uM, T^um} G Mm . 

Therefore, by (IHTTH) . 

UM < min{iiM, TkUM} < TkUM , 

as desired. □ 

Here is an interesting geometric property of Birkhoff functions: 

Lemma 6.18. Let 9 £ M, a,r > 0. Suppose that u is 2-periodic in the 
vertical direction, that it satisfies the Birkhoff property with respect to uj and 
that 

(6.34) 'Br(eo) C {n<0}. 

Then, for any G H"" such that (w,0) • (^ — ^0) ^ "'^I'^l; have that 
ti(^) < 9, as long as r and a are larger than a suitable positive universal 
constant. 

This result somehow guaranties that if, say n > 1 — 5 in a ball, then it is 
so in a half space. 



THE GINZBURG-LANDAU EQUATION IN THE HEISENBERG GROUP 



33 



Proof. Let ^ = {z,t) as requested here above. Denote also .^o = {zo,to). Let 
us consider the tihng T* of M.'^^ made by standard Euchdean cubes of side 1. 
More exphcitly, T* is the cohection of the cubes K+ [—1/2, 1/2)'^"', where K 
varies in Z,'^^. Let Q* be the cube of T* that contains zq. Then, there exists 
p E so that 

(6.35) zGp + Q*. 
Then, 

(6.36) -p < -a + V2^ <0, 

\uj\ 

provided that a is large enough. 

Also, by (|6.35|) . we get that there exists w & Q* such that z = p + w. 
Then, there exists r G M so that 

(6.37) ip,0)o{w,T) = iz,T + T), 

for any T G R. Thus, let m be the unique integer so that 

i-to-T-1 t-to-T + 1 

< m < 

2 - 2 

and define T := t — t — 2m. Then, \T — to| ^ 1 and so, if r is large enough, 

{w,T) e^riCo). 

Moreover, by (|6.36|) . (|6.34j) and Lemma r6.16[ 



{p,0)o{w,T) e r_p(^'8,(eo)j C {n<0}. 
Accordingly, by the vertical periodicity and 1)6. 37() . 

m(^) = u{z, T + r + 2m) = u{z, T + r) = 

= «((p,0)o(u;,r)) <9, 

as desired. □ 

6.5. Koranyi balls outside the interface. Let us recall that in Theo- 
rem ^2 we introduce a radius rg which depends only on the structural data. 
We now show that we can get a Koranyi ball of universally large radius, 
say tq, not touching the interface. 

For this, we first need to enlarge our domain so that the balls of 
radius vq may comfortably fit in. We also need to enlarge our periodicity 
mesh, in order to obtain local minimizers on page 1431 

To these effects, given p £ N, we define 

yl, := {u G Slf^ , u(^{pk, O) o e) = u{0 = n((0, 2^6) o e) , 

(6.38) for any ^ G and G Z^" s.t. uj ■ k = , 

uiS,) > 1 - (5 for C • (w, 0) > M , 

u{0 < -1 + -5 for C • {to, 0) < -M \lo\ } . 
Note that ylj = Jm, due to JESl) and 
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Given v G M^^+i and S C M.'\ we define 

:= {(-v) o C , ^gS}. 
We also use the following notation. Given £ £ 7?"' with uj ■ £ = 0, we write 

£= ^ fk^ . 

l<i<2n-l 

Then, for p > 1, we define 

(6-39) 52 := T'(o,2me)^(^,o)'5'aj • 

0<^l,...^2n-l<p_i 
0<m<p-l 

Of course, 5(^ = 5^^. Also, if m G Z and i G Z^" in such a way u; • £ = 0, it 
can be seen from (|6.6() that 

(6.40) r(o,2me)%o)^- = {iz,t-2mQ + Ci{z)), z G H^e ,t e [-e,e)] , 
with 

:= |z G I z + £e H^^ and 

Q{z) := C(^+^)-2Im(Zz). 
In particular, it follows that 

(6.41) the union in (|6.39|) is non-overlapping. 

We now observe that 5£ enjoys a good translation invariance property: 

Lemma 6.19. Let u G y^j. Then, J^5p(m) = J^t,.sz{u) for any v G M^n+i. 

Proof. The proof is a modification of the one of Lemma l6.121 The fact that 
the Heisenberg group elements do not commute makes the argument quite 
technical, thence we provide full details for the reader's convenience. 

The claim in Lemma l6. 191 follows from the following one: if / is an inte- 
grable function so that 

(6.42) / f (pfe, 0) o = /(o = / ((0, 2pQ) o e ; 



for any ^ G and any k G 'L^^ so that w • /c = 0, then 



(6.43) / J=lf, 

for any v G M2"'+^ 

In order to prove ()6.43|1 . we deduce from ()6.42|) that 

/(z,i + 2Gp) = /((0,2ep)o(z,t)) =f{z,t) 

and so, for any fixed z G M?^, the map 1 1-^ f{z,t) is 20p-periodic. 
Accordingly, 

f{z,t + T)dt = / f{z,t)dt, 

-p0 J-pe 
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for any r E M and any z G M^". 
We now define 



/pO 
f{z,t)dt. 
-pe 



It follows from and (|OH) that 



for any 1 < j < 2n — 1 
Then, if 



^£ ^= u 

{2n~l 



we conclude that 



(6.45) / g{z — w) dz = / (7(z) dz , 



p0 
pB 

pe 

-pB 
pO 



/((pF,0) o{z,t- 2plm{k^z))dt 



f(z,t-2plm{k^z))dt 



pe 
9{z) 



f{z,t)dt 



H, 



1=0 

-1 



Sjk^ + ak"^"- , Sj G 



1 1 
2' 2 



+ p- 1 



, a € 



for any G M' 
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Take no w any v = {v' ,V2n+i) G M^^+i. We exploit (ICTl) . (IHITT) 

mi) and (|6.45|) to obtain that 

f{v oi)di = 

si 

r K<{^)-(2m-i)0 
y. f{z + v',t + V2n+i+'^lra{vz))dtdz = 

0<«<p-l 
0<m<p-l 



/ / f {z + v', t + V2n+i + 21m {vz))dtdz 

«<p-l 

V / r f{z + v',t)dtdz = 



0<W'<p-l 
p0 

\ g{z + u') dz = 



By applying the above formula to any v and to i; = we thus conclude that 

This concludes the proof of ()6.43() (and so the proof of Lemma l6. 19(1 . □ 

We denote by the minimal minimizer of J-'gp under the constraints in 
3^^^. Obviously, u\j = um- 

We now show that changing S^j into S'S does not change the minimal 
minimizer: 

Lemma 6.20. n^^ = um, for any p G N, p > 1. 

Proof. Let n be a short hand notation for u^. First, we show that 

(6.46) u{z,t + 2@) =u{z,t) , 

for any (z, t) G M"-. 

To this effect, given a G N, we define 

UaiO ■■= n((0,2ae)oO. 

It is easily seen that Ua G y^j- Also, by Lemma f6.191 J^gv{ua) = J^sp{u), 
thence Ua is also a minimizer. Then, as in Lemma 16.31 

u* := min{n , ui , . . . , Up-i} 
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is a minimizer too. Since u is the minimal minimizer, u < u*. By construc- 
tion, the converse inequahty also holds, thus u = u*. Since 

np_i((2e, 0) o = u{{2pe, 0) o = n(e) 

because u S y^j, we deduce that u* (and, then, u) is 20-periodic in t. This 
proves (|6.46j) . 

We now show that 

(6.47) u{{k,0)o^) = u{0, 

for any k £ Z^" so that lj • k = 0. This will be a variation of the proof 
of 1)6. 46(1 . but some care will be needed due to the fact that the Heisenberg 
group is non-commutative. For the proof of 1)6. 47(1 . given i £ Z^" so that 
Lo ■ i = 0, we define 

We have that 

(6.48) ve{{0, 2pQ) o ^) = n((^, 0) o (0, 2pG) o ^) = 
= n((0, 2pe) o {£, 0) o ^) = u{{£, 0) o ^) = ve{0 , 

since u E 3^m- Moreover, if K £ 1?'^ is such that lij • = 0, we have that 

(pE:,o)o(^,o) = 

(6.49) = (0,4pIm(K£))o(^,0)o(pK,0) = 

= (^0, 4p ^ K"^'' Im (]ek^)^ o (£, 0) o {pK, 0) = 

l<a,fe<2n-l 

= (0,4p ^ K^^^e^fc) o(£,0)o(pK,0). 

l<a,6<2n-l 

Then, since © divides any (recall the notation on pageEU, we gather 
that 

{pK, 0) o (£, 0) = (0, 2p e /x) o (^, 0) o {jpK, 0) , 

for some fj, £ depending on K and £. 

Consequently, using that u £ and (|6.46|) . 

ViiipK, 0) o e) = u{{£, 0) o {pK, 0) o = 
uiipK, 0) o (£, 0) o = uii£, 0) o = ^7,(6 • 

This and (|6.48|) imply that V£ £ y^j. Moreover, by Lemma [6.191 !Fgv{ve) = 
J-gp{u), thence V£ is also a minimizer. Then, as pointed out in Lemma 16.31 

:= inm{vi , 0<£^,.. . .^^""^ < P - 1} 

is a minimizer too. Since u is the minimal minimizer, u < v*. By construc- 
tion, the converse inequality also holds, thus u = v* . 

We now introduce the following notation. Given r G Z, we set [r\p £ p7L 
and {r}p G {1, ... ,^3 — 1} in such a way r = [r]p -|- {r}p. 
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Let now K G Z^" be so that uj ■ K = By arguing as in (|6.49|) . we have 
that 

(A0)o(/^,0) = 

2n-l 2n-l 

= (26G, 0) o ( ^ [{1^ + K^)\p fc^ o) o ( ^ {(F + K^)]p o) 

and so 

2n-l 

J=l 

since u S J^a/ and thanks to (|6.47|) . 
Therefore, 

v%{K,Q)oi) = 

2n-l 

= min {n(( {{P + K^)]^ A:^ o) o e) , 
i=i 

0<^\...,£2"-i <p-i| = 

2n-l 

= min{n(( ^ ^~^fc^0) o^) , < . . . , i'^""^ < p - l} = 

This gives that v* (and thence u) satisfies (|6.47p . as desired. 

In particular, from ()6.46p and 1)6.47(1 it follows that u = u^.^ G y^j-, and so 

On the other hand, it is obvious that um S 3^a; ^ and, therefore, 
> Tsz{um)- 

Moreover, if G N is the number of the non-overlapping components 
of the union in (|6.39j) (see also ()6.41|1 ). it follows from Lemma 16.191 that 

These observations imply that um is a minimizer of J-gp in and 
that u\.[ is a minimizer of J^Soj 3^M- Since both um and u\,^ are min- 
imal minimizer s, it follows that um ^ u\j < um, as desired. □ 

Due to Lemma f6.201 by possibly replacing 5*^^ with 5£, we now assume 
that, given tq as in Theorem ll.3| the Koranyi balls of radius 2ro fit inside S;^. 
From now on, this suitably large p will be considered a universal constant, 
as well as tq. 

In this setting, by a counting argument based on the fact that J-'s^ is 
bounded independently of M, we find the desired Koranyi ball outside the 
interface: 

Lemma 6.21. Fix 5 > 0. Fix also rg suitably large (according to Theo- 
rem M.^) . There exists Mq > 0, depending only on 6 and on the structural 
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constants of !F, so that if M > Mq, then there exists a ball of radius tq 
such that 



Q n {\{oj,o) ■ ^\ < } n {\um\ > 1 - 6} 



Proof. Let 



]m := S^n\\{u;,0)-C\ < 



10 



We observe that 

£2"+i(SAf) > ciMQ\k^\ ... 

for a suitable ci > which may depend on p (but it does not depend 
on either to or M). By measure theoretic considerations, we thus deduce 
that there are at least N Koranyi balls of radius ro contained in Em whose 
dialations by a constant factor k (to be chosen appropriately large) overlap 
at most a finite number of times (which is independent of oj and M), with 

(6.50) N > C2Me\k^\ ... 

The quantity C2 may depend on p and rg, but not on M and oj. 

Let us suppose that n of these Koranyi balls intersect the set {IumI < 
1 — 6} and let us count how big n can be. For this, if any of the above 
Koranyi balls, say *B, intersects {IumI < 1 — 5} at some point, say then 
by Theorem 1 1.,'-?! 

(6.51) £^''+^(^^ro{Co) n {\um\ < 1 - 5}) > C3 , 

for a suitable C3 which only depends on tq. 

If K is sufficiently large, is contained in the dialation by a factor k of 
05, that we denote by k*B. This and (|6.51() yield that 

with C4 > independent of uj and M. By summing up above all the Ko- 
ranyi balls intersecting {IumI < 1 — 5} (and by using the finite overlapping 
properties of these balls) , we thus conclude that 

•^Sm(^m) > csn, 

with C5 > independent of uj and M. 
The latter estimate and (|6.8|) imply that 

n < C(ie\k^\ ... , 

where cg > is independent of uj and M. 

This and (|6.50|) yield that at least one Koranyi ball of the family must be 
outside {I^M I < 1 — 5}, as long as M is conveniently large. □ 
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6.6. Unconstrained minimizer. We are now going to show that, if M 
is conveniently large, then the constraints in Suj do not affect the minimal 
minimizer. 

First of all, we show the existence of a strip of universal size, parallel to 
the constraints and at a universal distance from them, on which the minimal 
minimizer takes values very close to ±1. 

Lemma 6.22. Fix 5 > and suppose that M > 100. Suppose also that the 
thesis of LemmM \(i.21\ holds. Then, there exists 

M M' 
T' T 



(6.52) A G 



such that either um{0 > I — S or um{0 < — 1 + (5 for any ^ = {z,t) £ 
so that 

(6.53) z~ G [A - 1, A + 1] . 

\u>\ 

Proof. By Lemma f6.'21l there exists a Koranyi ball of universally large radius 
contained in {|z • < M/10} n {|ma/| > 1 — 6}. Then, the result follows 
from the fact that um is continuous, 2-periodic in t and Birkhoff (recall 
Lemmata 16 . 71 and 16 . 1 7)1 ■ by applying Lemma 16.181 □ 

We are now in the position of showing that um does not vary if we enlarge 
the constraints, provided that M is suitably large: 

Proposition 6.23. Suppose that the hypotheses of Lemma \6.2'J\ hold true. 
Then, UM+a = um, for any a > 0. 

Proof. With no loss of generality, we suppose that uj2n > 0. Let H be the 
set of points = {z,t) G H"' satisfying 1)6. 53() of Lemma 16.221 then either 
u < —1 + 6 or u > 1 — 5 in H . 
We show, in fact that 

(6.54) UM < -1 + S in H. 

To confirm (|6.54|) . we argue by contradiction and suppose that um > 1 — 6 
in H. Let j G N. Then, by Lemma 16.171 

(6.55) Tiid,...fl,j)UM{v) > um{ii) >l-5 

for any r] £ H. Take now ^ = (z, t) so that lo ■ z > (A + l)|u;|. Let jo be the 
unique integer so that 

1"^! / ^ -, \ 1^1 / , ^ \ ^ 

-A-1 + Z-— ,— -A-1 + 2-— +1 



_UJ2n ^ l^^l ^ '^2n ^ \^\ 

Notice that jo > by construction, thence jo G N. Also, if 

77:= (0,...,0,-jo,0)o^, 

we have that 

T]= (^z- {0,.. . ,0, jo), T 
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for a suitable r G R and so 



-r? G [A - 1,A+ 1] 



thence r] G H. 

Exploiting (|6.55j) . we thus conclude that 

Um{0 = %...,Ojo)^m(??) > 1 - 5. 
Summarizing, we have just shown that 

(6.56) UMiO >l-6 

for any ^ = {z,t) E M" such that lo ■ z > {X + l)\u;\. 
Let now 

V ■■= %...,0 -l)'"M • 

Then, if (a;,0) • ^ > M|cij|, we deduce that 

(w,0)-(^(0,...,0,-l,0)o^) = -c^2n + (w,0)-^ > -\u;\+M\uj\ > (A + l)|w|, 

due to (jniSS)- 

Therefore, from (|6.56)) . 

(6.57) v{C) >l-6 

for any ^ E M" so that {uj, 0) • ^ > M\uj\. 

On the other hand, if {uj,0) ■ < —M\uj\, we see that 

{uj,0) ■ ((0,...,0,-l,0) oe) = -uJn + {uJ,0)-^<M\u\ , 

and so, from the fact that um & 3^Mi we conclude that 

(6.58) v{S,)<-l + 5 

for any ^ E M" so that {uj,0) ■ ^ < -M\oj\. 

Then, (|6.57j) . (|6.58j) Lemma 16.91 and Lemma l6 . 71 imply that 

(6.59) V E yM ■ 

Moreover, J^s^{um) = •^5„(^^)) due to Lemmata 16.111 and 16.121 Conse- 
quently, by (|6.59j) . V E Mm and so, by (|6.14j) . um 1^ v. Since, on the other 
hand, upi > v hy Lemma r6.17( we deduce that um = v. 
Therefore, 

^XAf(e) = UM((o,...,o,j,o)oe) , 

for any j £ Z and any ^ E H"'. But then, since E 3^M) 

1-6 < lim tiM(0,...,0,j,0) = lim um{0, . . . ,0, -j,0) < -I + S , 

which is a contradiction since we supposed 6 < 1/2 (see page ESI)- 
This proves (|6.54|) . 

We now show that if ^ = (z, t) E H" is so that lo ■ z < (A — l)|w| then 

(6.60) UMiO<-l + 6. 
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Indeed, if ^ is as above, let j be the unique integer so that 

je{^[X-l----z),^[\-l----z)+l 

Then, j > by construction and so, by Lemma l6 .171 

(6-61) T(^o,...fl,j)UM > UM ■ 

Moreover, if 

(6.62) 7? := (O,...,0,j,0)oe, 
we see that 

^,o) •?7G [A-1, A + 1], 

that is, 7] £ H. 
Hence, by 

T{o,...,oj)UMiO = UMiri) < -1 + 6 . 

This and 1)6. 61() yield the proof of 1)6. 6U() . 

We now show that the lower constraint is irrelevant for um- More pre- 
cisely, given any a > 0, we show that if v is w-periodic, v{S^) < —1 + 6 for 
any ^ = {z,t) G H" so that uj ■ z < — (M + a)\uj\ and w(^) > I — 6 for any 
^ = {z,t) £ M" so that lo ■ z > M\uj\, then 

(6.63) rsJuM)<J'sM. 



To confirm (|6.63)) . take v as above. Let Va be the minimal minimizer of 
J^Suj ill the space of such v^s. Then, by (|6.6()|) (applied here with the lower 
constraint at level M + a instead of level M), we deduce that Va(0 1^ —1 + 6 
for any G so that uj ■ z < (A — l)|c(-'|. In particular, by (|6.52|) . we have 
that Va G yM- Therefore, since ua/ is a minimizer in y^j, 

yielding the proof of (|6.63j) . 

We are now in the position of completing the proof of Proposition 16.231 
by arguing as follows. Fix a > and take 

(6.64) w G yu+a ■ 
Take also j G N so that 

(6.65) J 



Let us define 

w ■■= T^o,...,o,j)W ■ 

Thus, using (|6.64j) and (|6.65|) . we have that if ^ G H" is so that (a;,0) • 
^ > M\uj\, then w{S,) > 1 - 6, while if (u;,0) • ^ < -{M + j + a)\uj\, then 
w{0 < -1 + 5. 
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Therefore, from (used here with j + a in the place of a), we deduce 

that 

Then, by Lemmata 16. 1 II and 16. 12| 

which completes the proof of Proposition 16.231 □ 

We now complete the proof of Theorem II .41 when n > 2 (recall ()6.1|) ) by 
arguing as follows. If := um is the minimal minimizer constructed above, 
we know by 1)6. 7|) and Lemma 16.71 that the periodicity conditions ()1.5() - (|1.6() 
and the level set condition 1)1. 4() hold true. Also, u^^ satisfies the monotonic- 
ity condition in (|1.7() . thanks to Lemma l6 . 1 71 and Definition 16.151 

To complete the proof of Theorem 11.41 when n > 2, we need to show 
that is a local minimizer in any given ball B. To this extent, we make 
the following observation. Let a G Z and Ki , . . . Kj G Z^" , with to ■ K\ = 
■ ■ ■ = uj ■ Kj = {). Since 

(pA"i, 0) o (pETj, 0) o (0, 2apQ) G pZ^" x pGZ , 

we deduce that the distance between the above points and the origin is large 
with p (unless it is zero). Consequently, the balls obtained from B via the 
group actions 

(pi^i,0)o(pi^^.,0)o(0,2ape) 

are far apart one from the other, for large p. Therefore, we can extend (j) 
in order to fulfill the periodicity in (|6.38)1 . that is, there exists (j)* £ so 
that (/)* = in B. Then, possibly enlarging S^j to sZ as done in Lemma 16.201 
(note that this does not change the minimal minimizer), we may suppose 
that B lies inside S^j- Then, using Proposition 16.231 we have that J-b{u + 
0) > J^siu), for any cp £ C^{B), as desired. 

This ends the proof of Theorem 11.41 when n >2. 

We now deal with the proof of Theorem 11.41 when n = 1. 

In this case, the vertical periodicity of the minimal minimizer cannot 
be recovered from the cj-periodicity, since the integer base constructed on 
page 1^ boils down to the two vectors and k'^ = Quj and so ()6.2() cannot 
hold. 

To avoid this inconvenience, the vertical periodicity needs to be imposed 
by brute force. Namely, we substitute the definition in 1)6. 7|) with the fol- 
lowing: 

yM ■■= {u£ slf^, 

u({k^,0) o {z,t)J = u{z,t) = u{z,t + 2) for any(z,i) G , 
(6.66) n(C) > 1 - (5 for ^ • (w,0) > M|a;|, 

n(0 < -1 + 5 for (^,0) < -M\uj\} . 
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Then, the arguments on pages 1221 — 14^-il go through verbatim.^ Remarkably, 
the minimal minimizer obtained in this way is again a local minimizer in 
any domain (that is, the imposed vertical periodicity does not affect the 
minimization). This ends the proof of Theorem 11.41 when n = 1. 

Remark 6.24. Though we do not make an explicit use of this fact, it is 
interesting to note that if F is independent of t, then so does the minimal 
minimizer um- To confirm this, fix s G M and let w^Zjt) := UMiz,t + s). 
Observe that the map 



is 0-periodic for any fixed z £ M^", due to 1)6. 4|1 . Then, the fact that F does 
not depend on t and ()6.6() imply that 



Thence, since um G A^a/ by LemmaEEl we have that w £ Mm too. Then, 
by Lemma If). 41 mm{uM,w} E Mm- So, by (|6.14|) . um < minjuAf , tu}, 
which says that UM{z,t) < UM{z,t + s) for any s G M. Then, applying the 
above observation to both s and —s, we get that um{z, t) = um{z, t + s) for 
any s S ffi, that is, um does not depend on t. 

Accordingly, if F does not depend on t, the minimal minimizer con- 
structed here agrees with the uniformly elliptic one of [V04]. 



We consider oj € M^" \ Q^" and ujj £ Q^" be a sequence of rational 
vectors approaching uj. Exploiting Theorem 11.41 we obtain the existence of 
a function uj : H" [—1)1] which is a local minimizer for in any bounded 
domain, is Wj-periodic and has the level sets {\uj\ < I — 6} trapped inside a 
slab normal to (wj, 0) of size Mq. We stress that Mq may depend on 6 and on 
the structural constants of the problem, but it is independent of j. Then, to 
complete the proof of Theorem 11.61 we need to show that, perhaps passing 
to a subsequence, uj converges locally uniformly to a suitable u which is a 
local minimizer in any bounded domain. 

For this, we observe that \uj\ < 1 by construction and that the modulus 
of continuity of Uj is uniformly bounded, thanks to [M95] . Therefore, up to 
subsequences, uj converges locally uniformly to a suitable u. 

^In fact, in this case, the above arguments simphfy, since = 1 and u is a;-periodic if 
and only if 





7. Proof of Theorem 11.61 




for any f £ H^. Also, Lemma 16.71 is. of course, a trivial consequence of (16.6611 . 
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Given a bounded domain $7, we now show that u is a local minimizer 
of Tn- For this, let G C^{^) and i? > so large that VL C 

Observe that, possibly taking disjoint unions of S^^ as in Lemma 16.201 
(which does not affect the minimal minimizer), we may assume that ^r-\-2 
sits inside 5^;. 

Then, Uj is a local minimizer in Accordingly, there exists a suit- 

able Cr > so that 

(7.1) / IVh-u.P < Cr 

J'Sr+i 

for any j G N, due to the Caccioppoli-type estimate in (|2.H1 . Thus, pos- 
sibly taking subsequences, we have that V^nUj converges to Vw^u weakly 
in L^(«8_R+i), due to the embedding results in [VSCC92]. 
Therefore, 

(7.2) / |VH"^i|^ < liminf / iVe'j'UjP, 
for any a G [0, 1]. 

Also, by the continuity of F when the second variable is in (—1, 1), we 
deduce from the uniform convergence of Uj and Fatou's Lemma that 

liminf / F{i,uAi))di > 

> liminf / F{C,Uj{C))dC > 

^7 3^ 1^+°^ J<SRn{\u\<i} 

>[ F{(,u{0)d^ = 

J<SRn{\u\<i} 

= [ F{C,u{0)d^. 

J'Sr 

By collecting the estimates in ()7.2|) and ()7.3|) . we thus conclude that 

(7.4) ^<3r{u) < liminf JR8^(nj) . 

We now define 

(7.5) Ej := sup \u — Uj\ . 

'Sr+1 

By the uniform convergence of Uj, we have that £j converges to zero. More- 
over, by (f7?T|) and (fT^ . 



(7.6) / IVh-uI^ < Cr 

J^R+l 

and so, by the absolute continuity of the Lebesgue integral, 

(7.7) lim / iVenup = 0. 

J^+'^J<Sr+,^\<Sr 
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We also set 

(7.8) := 

thence fij also converges to zero. 

Let now fj £ C^{[0,R + e^]) so that < fj < 1, T,(t) = 1 for any 
t € [0, R] and |fj| < W/ej. Let tj be the radial (with respect to the Koranyi 
ball) function defined by Tj (^) := fj{p) (recall the notation in (jU^). Then, 
by (jUSl), 

„N 1^ I const 

(7.9) IVh-TjI < . 

Let also 

Wj := TjU + (1 — Tj)Uj + (j) ■ 

By construction, Wj{S,) = Uj{^) for any ^ G \ QS/j+e^. , and so, by the 
minimizing property of Uj, 

=T^j,{u + 0) + F^^^^^\^^{wj) . 
On the other hand, exploiting 1)7. 9(1 and (|7.5() . 

|VH"Wj| = |VH'irj-(n - Uj) + Tj-Vh^-u + (1 - Tj-)VH"'Uj + Vh"0| < 

C 

< — \u — Uj\ + |VH"ti| + |VH"Uj| + IVhh/*! 

< C + |Ve"ti| + |VH"tij| 

for a suitable C > which may depend on R and but it is independent 
of j. 

Using the above estimate, Cauchy Inequality and 1)7. 8p . we obtain that 

< / ( iVH^nP + |VH"U,-n + 



(7.11) 



+ C / / |Vh"%|2 / IVH^Up. 
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We deduce from (dU, ((ZH), (jZiZI) and (TTTTjl that 

•^Sfl+. ASflKO < + / IVHnUjf , 

for a suitable 5j converging to zero. 
Consequently, from (|7.1U|) . 

(7.12) < + 4>) + 5j . 

By (|7.4j) . (|7.12j) and the fact that 6j converges to zero, we thus conclude 
that 

Thence, since vanishes outside fi, 

which shows that u is a local minimizer for in 0,. This completes the 
proof of Theorem 11.61 

8. Proof of Theorem 11.71 

We suppose that uj e Q^"\{0} (the general case then follows by a standard 
limiting argument, see [CLOl]). 
Let Q(0 := a(0^ and, for e N, 

J ^ 

Let ujv be the minimal minimizer of J-^^\ as defined in 1)6. 14(1 . under the 
constraint in (|6.7|1 . In particular, 

(8.1) {|n| < 1-5} C {|(cu,0)-e| <M}. 
Then, by Lemma 16.171 

(8.2) uat satisfies the Birkhoff property. 
We also set 

VN{z,t) := UN 
Then, minimizes 

(8.3) j \V^^v{z,t)\'' + Q(^^,j^ (l-v{z,tfy dzdt 

under the constraint that vj\[{6,) > 1 — 6 if ^ • (u;,0) > MN and v^iO < 
-1 + 5 ff C • i^, 0) < -MN. Also, if A: E Z^" is so that a; • A; = 0, then 
VN{{Nk,0) o e) = vn{0 for any ^ e IT. 

Notice that the structural constants of the functional in (|8.3|) (as they 
appear on page 01) may be bounded independently of A^. 

Then, by performing the counting argument in Lemma 16. 2H we find a 
Koranyi ball of radius Ntq contained in 

{\C-{uj,0)\<MN}n{\vN\>l-S}, 
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ii M > Mq\uj\ and Mq is large enough. 

By scaling back, we find a Koranyi ball of radius ro contained in 

{|e-(cu,0)| <M}n{|njv| > 1-5}. 

Then, by using (|<S.2j) and the argument in Proposition lf).2H| we deduce 
that utv is a free minimizer. 

Then, possibly taking subsequences, using the results in [MSCOl], we 
have that un converges in L^^^ and almost everywhere to a step function 
Xe — XM"\e s-iid dE has minimal surface area with respect to the metric a. 
This and (|8.1j) imply that 

dE C {|e-(a;,0)| <M} 

as long as M > Mo|cij| and Mq is universally large, ending the proof of 
Theorem 11.71 



References 



Alberti, G.; Ambrosio, L.; Cabre, X. - On a long-standing conjecture of E. 
De Giorgi: symmetry in 3D for general nonlinearities and a local minimality 
property, Acta Appl. Math. 65 (2001), no. 1-3, 9-33. 

Alt, H. W.; Caffarelli, L. A. - Existence and regularity for a minimum problem 
with free boundary, J. Reine Angew. Math. 325 (1981), 105-144. 
Alt, H. W.; CafFarelli, L. A.; Friedman, A. - A free boundary problem for quasi- 
linear elltpttc equations, Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 11 (1984), 
no. 1, 1-44. 

Bangert, V. - Laminations of 3-tori by least area surfaces, Analysis, et cetera. 
Academic Press, Boston, MA, 1990, pp. 85-114. 

Birindelli, I. - Superharmonic functions in the Heisenberg group: estimates and 
Liouville theorems, NoDEA, Nonlinear Differ. Equ. Appl. 10 (2003), no. 2, 
171-185. 

Birindelli, I.; Lanconelli, E. - A negative answer to a one-dimensional symmetry 
problem in the Heisenberg group, Calc. Var. Partial Differ. Equ. 18 (2003), no. 
4, 357-372. 

Caffarelli, L. A.; Cordoba, A. - Uniform convergence of a singular perturbation 
problem, Comm. Pure Appl. Math. 48 (1995), no. 1, 1-12. 

Caffarelli, L. A.; de la Llave, R. - Planelike mimmizers in periodic media. Comm. 
Pure Appl. Math. 54 (2001), no. 12, 1403-1441. 

Caffarelli, L. A.; de la Llave, R. - Interfaces of ground states in Ising models with 
periodic coefficients, J. Stat. Phys. 118 (2005), no. 3-4, 687-719. 
Candel A.; de la Llave, R. - On the Aubry-Mather theory m statistical mechanics. 
Comm. Math. Phys. 192 (1998), no. 3, 649-669. 

De Giorgi, E. - Convergence problems for functionals and operators, Proceedings 
of the International Meeting on Recent Methods in Nonlinear Analysis (Rome, 
1978), 131-188, Pitagora, Bologna, 1979. 

Dynnikov, I. A.; Novikov, S.P. - Topology of quasiperiodic functions on the plane, 
Russ. Math. Surv. 60 (2005), no. 1, 1-26. 

FoUand, G. B.; Stein, E. M. - Estimates for the dt complex and analysis on the 
Heisenberg group. Comm. Pure Appl. Math. 27 (1974), 429-522. 
Franchi, B.; Serapioni, R.; Serra Cassano, F. - Rectifiability and perimeter in the 
Heisenberg group. Math. Ann. 321 (2001), no. 3, 479-531. 



THE GINZBURG-LANDAU EQUATION IN THE HEISENBERG GROUP 49 

[GL58] Ginzburg, V.; Landau, L. - On the theory of superconductivity, Zh. Eksper. 

Teoret. Fiz. 20 (1950), 1064-1082. 
[GP58] Ginzburg, V. L.; Pitaevskii, L. P. - On the theory of superfluidity, Soviet Physics. 

JETP 34/7 (1958), 858-861. 
[G84] Giusti, E. - Minimal surfaces and functions of bounded variation, Monographs 

in Mathematics, 80. Birkhauser Vcrlag, Basel-Boston, Mass., 1984. 
[G03] Giusti, E. Direct methods in the calculus of variations, World Scientific Pub- 

hshing Co., Inc., River Edge, NJ, 2003. viii-|-403 pp. 
[G85] Gurtin, M. E. - On a theory of phase transitions with interfacial energy. Arch. 

Rational Mech. Anal. 87 (1985), no. 3, 187-212. 
[H32] Hcdlund, G. A. - Geodesies on a two-dimensional Riemannian manifold with 

periodic coefficients, Ann. of Math. 33 (1932), 719-739. 
[M95] Marchi, S. - Holder continuity and Hamack inequality for De Giorgi classes 

related to Hormander vector fields, Ann. Mat. Pura Appl. 168 (1995), no. 10, 

171-188. 

[M87] Modica, L. - The gradient theory of phase transitions and the minimal interface 
criterion. Arch. Rational Mech. Anal. 98 (1987), no. 2, 123-142. 
[MSCOl] Monti, R.; Serra Cassano, F. - Surface measures in Gamot-Carathodory spaces, 
Calc. Var. Partial Differ. Equ. 13 (2001), no. 3, 339-376. 
[M86] Moscr, J. - Minimal solutions of variational problems on a torus, Ann. Inst. H. 

Poincare Anal. Non Lineaire 3 (1986), no. 3, 229-272. 
[R79] Rowlinson, J. S. - Translation of J. D. van der Waals' "The thermodynamic 
theory of capillarity under the hypothesis of a continuous variation of density", 
J. Statist. Phys. 20 (1979), no. 2, 197-244. 
[PV05a] Petrosyan, A.; Valdinoci, E. - Geometric properties of Bernoulli-type minimizers, 

Interfaces Free Bound. 7 (2005), 55-78. 
[PV05b] Petrosyan, A.; Valdinoci, E. - Density estimates for a degenerate/singular Ginz- 
burg-Landau model, SIAM J. Math. Anal. 36 (2005), no. 4, 1057-1079. 
[RS03] Rabinowitz, P. H.; Strcdulinsky, E. - Mixed states for an Allen-Cahn type equa- 
tion. Comm. Pure Appl. Math. 56 (2003), no. 8, 1078-1134. 
[RS04] Rabinowitz, P. H.; Stredulinsky, E. - On some results of Moser and of Bangert, 
Ann. Inst. H. Poincare Anal. Non Lineaire 21 (2004), no. 5, 673-688. 
[V04] Valdinoci, E. - Plane-like minimizers in periodic media: jet flows and Ginzburg- 
Landau models, J. Roino Angow. Math. 574 (2004), 147-185. 
[VSCC92] Varopoulos, N. Th.; Saloff-Coste, L.; Coulhon, T. - Analysis and geometry on 
groups , Cambridge University Press, UK, 1992. xii+156 pp. 



★ ★ * 



ISABEAU BiRINDELLI, DiPARTIMENTO DI MATEMATICA, UNIVERSITA DI ROMA LA 

Sapienza, Piazzale Aldo Moro, 2, 1-00185 Roma (Italy) 
E-mail address: isabeauOmat . xmiromal . it 

Enrico Valdinoci, Dipartimento di Matematica, Universita di Roma Tor 
Vergata, Via della Ricerca Scientifica, 1, 1-00133 Roma (Italy) 
E-mail address: valdinociQmat . uiLiroma2 . it 



